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ABSTRACT
The a n a l y t i c  d i r e c t  i n t e g r a l s  o f  H2 (Un ) and  H°°(Un ) 
a r e  e x a m in e d  f o r  n  > 1 a n d  t h e i r  s t r u c t u r e  i s  u t i l i z e d  
t o  s t u d y  f a c t o r i z a t i o n  t h e o r y  i n  H2 (Um) f o r  m > 2 .
I n  C h a p t e r  I  n o t a t i o n  i s  e s t a b l i s h e d  and  a  few t h e o ­
rem s a r e  p r o v e d  c o n c e r n i n g  f u n c t i o n s  i n  s p a c e s .
I n  C h a p t e r  I I  t h e  a n a l y t i c  d i r e c t  i n t e g r a l  o f  H ^ U 11)
i s  d e f i n e d  a nd  shown t o  b e  a  s e p a r a b l e  H i l b e r t  s p a c e  w h i c h  
i n  a  n a t u r a l  way i s  i s o m e t r i c a l l y  i s o m o r p h i c  t o  H2 (Un + ^') . 
I n  C h a p t e r  I I I  t h e  a n a l y t i c  d i r e c t  i n t e g r a l  o f  H°°(Un ) i s  
d e f i n e d  a n d  shown t o  be  a  s u b s e t  o f  t h e  a n a l y t i c  d i r e c t  i n ­
t e g r a l  o f  H2 (Un ) . U t i l i z i n g  t h e  s t r u c t u r e  t h a t  H (U11) 
p o s s e s s e s  a s  a  r i n g  o f  o p e r a t o r s  a c t i n g  on H2 (Un ) i t  i s
shown t h a t  t h e  a n a l y t i c  d i r e c t  i n t e g r a l  o f  H°°(Un ) i s
s p a c i a l l y  i s o m o r p h i c  t o  H°°(Un + ^)  u n d e r  t h e  a f o r e m e n t i o n e d  
i s o m e t r i c  i s o m o r p h i s m  d e f i n e d  on t h e  a n a l y t i c  d i r e c t  i n ­
t e g r a l  o f  H2 (Un ) .
I n  C h a p t e r  IV v a r i o u s  d e f i n i t i o n s  o f  i n n e r  and  o u t e r  
f u n c t i o n s  i n  H2 (Un ) a r e  e x a m in e d  w i t h  r e s p e c t  t o  t h e
iv
analytic direct integral. It is shown that with the de­
finitions of inner and outer used it is not possible to
2 nfactor each element of H (U ) into inner and outer fac­
tors if n > 2 .
v
INTRODUCTION
The B a n ach  a l g e b r a  H°°(U) h a s  a  s t a n d a r d  r e p r e s e n ­
t a t i o n  a s  a  r i n g  o f  o p e r a t o r s  on  t h e  H i l b e r t  s p a c e
2H (U) . T h i s  r e p r e s e n t a t i o n  i s  g i v e n  by  t h e  map f  -* 
w h e re
Af g = f g  ,
f o r  a l l  g e H2 (U) .
00 n  vE ac h  a l g e b r a  H (U ) h a s  a s i m i l a r  r e p r e s e n t a t i o n
a s  a  r i n g  o f  o p e r a t o r s  on H2 (Un ) , n = 2 , 3 j , # * • T h e s e
r i n g s  h a v e  b e e n  s t u d i e d  by B o u rq u e  [ 1 ] .
I n  t h i s  p a p e r  we u s e  t h e  c o n c e p t  o f  a n a l y t i c  d i r e c t
i n t e g r a l  t o  s t u d y  H°°(Un ) and H2 (Un ) . T h a t  t h i s  t u r n s
o u t  t o  be  an  e f f e c t i v e  t e c h n i q u e  i s  due  l a r g e l y  t o  t h e
f a c t  t h a t  t h e  a n a l y t i c  d i r e c t  i n t e g r a l  o f  H°°(Un ) c a n
be  r e p r e s e n t e d  a s  a  m a x im a l  c o m m u t a t iv e  r i n g  o f  o p e r a -
2 nt o r s  a c t i n g  on t h e  a n a l y t i c  d i r e c t  i n t e g r a l  o f  H (U ) . 
A l t h o u g h  we do n o t  u s e  t h e  t e r m i n o l o g y  o f  r i n g s  o f  o p e r ­
a t o r s ,  many o f  t h e  t h e o r e m s  c a n  be  r e a d i l y  s e e n  t o  h a v e  
b e e n  m o t i v a t e d  by s u c h  c o n s i d e r a t i o n s .  F o r  e x a m p le ,  t h e  
p r o o f  t h a t  t h e  a n a l y t i c  d i r e c t  i n t e g r a l  o f  H°°(Un ) i s
2i s o m e t r i c a l l y  i s o m o r p h i c  t o  U°°(un + 1 ) i s  i n  e s s e n c e  a  
p r o o f  t h a t  t h e y  a r e  s p e c i a l l y  i s o m o r p h i c  r i n g s  o f  o p e r a ­
t o r s  .
I n  C h a p t e r  I  we p r e s e n t  t h e  n o t a t i o n  and d e f i n i ­
t i o n s  c o n n e c t e d  w i t h  t h e  s t u d y  o f  s p a c e s  i n  s e v e r a l  
co m p lex  v a r i a b l e s .  F o r  t h e  c a s e  n = l  a  c o m p l e t e  d i s ­
c u s s i o n ,  i n c l u d i n g  p r o o f s  o f  many o f  t h e  r e s u l t s  r e f e r r e d  
t o  h e r e ,  c a n  be  fo u n d  i n  H offm an  [ 2 ]  o r  P o r c e l l i  [ 4 ] .  
R u d in  [ 6 ] g i v e s  a  b r i e f  d i s c u s s i o n  o f  s p a c e s  on p o l y ­
d i s c s .  Most  o f  t h e  n o t a t i o n  and  d e f i n i t i o n s  fo u n d  i n  
C h a p t e r  I  a g r e e  w i t h  t h o s e  o f  R u d in .
I n  C h a p t e r s  I I  and  I I I  we g i v e  d e f i n i t i o n s  o f  t h e  
a n a l y t i c  d i r e c t  i n t e g r a l s  o f  H ^ U 11) and H°°(Un ) , and  
i n v e s t i g a t e  t h e i r  p r o p e r t i e s .  T h e s e  c o n c e p t s  w e r e  f i r s t  
i n t r o d u c e d  by B o u rq u e  [ 1 ]  f o r  t h e  c a s e  n = l  .
I n  C h a p t o r  IV we u t i l i z e  t h e  a n a l y t i c  d i r e c t  i n t e -
2 ng r a l  t o  s t u d y  t h e  f a c t o r i z a t i o n  p r o b l e m  i n  H (U ) . I t
i s  shown t h a t  i f  n  > 2 , i t  i s  n o t  p o s s i b l e  t o  e x p r e s s
2 ne a c h  e l e m e n t  o f  H (U ) a s  a  p r o d u c t  o f  i n n e r  and o u t e r
f u n c t i o n s  a s  i s  t h e  c a s e  when n = l  .
CHAPTER I  
PRELIMINARIES
I n  t h i s  c h a p t e r  we p r e s e n t  t h e  n o t a t i o n  o f  s e v e r a l  
co m plex  v a r i a b l e s  and  r e v i e w  t h e  n e c e s s a r y  t h e o r y  o f  a n a ­
l y t i c  f u n c t i o n s  and  s p a c e s .  We s h a l l  a l s o  p r o v e
s e v e r a l  t h e o r e m s  t h a t  w i l l  be u s e d  i n  t h e  c o n s t r u c t i o n  
o f  t h e  a n a l y t i c  d i r e c t  i n t e g r a l s .
I f  I  d e n o t e s  t h e  s e t  o f  i n t e g e r s  and I  t h e  s e t  
o f  n o n - n e g a t i v e  i n t e g e r s ,  t h e n  I n  and 1^  a r e  t h e  c a r ­
t e s i a n  p r o d u c t s  o f  n - c o p i e s  o f  I  and I  r e s p e c t i v e l y .  
F o r  a  = ( a ^ , a ^ , • • • , a n ) i n  1^  we d e f i n e  a !  and  | a |
by t h e  f o r m u l a s
n r  I  =  Q L  *  O L  *  *  *  *  O L  *• 1 ‘ 2 * n
and
| a |  = a x + a 2 + • • •  + a n  .
I f  a  and  3 a r e  i n  l n  t h e n  a  < 3 m eans  t h a t
< 3^ f o r  i = l , 2 , • • • j n  . I n  p a r t i c u l a r ,  a  > 0 means
t h a t  e a c h  i s  n o n - n e g a t i v e .  We d e f i n e  t h e  sum o f  two
e l e m e n t s  a  and  3 i n  l n  by
3
4a + p (a i  + Pr a 2 + • • - , a n + 3n ) .
As u s u a l ,  1  w i l l  r e p r e s e n t  t h e  com plex  f i e l d ,  U
and T t h e  u n i t  d i s c  and  u n i t  c i r c l e  i n  (2f . The s e t s
0n , Un and  Tn  a r e  t h e  c a r t e s i a n  p r o d u c t s  o f  n - c o p i e s  
o f  0  , U and T r e s p e c t i v e l y ,  w i t h  Un r e f e r r e d  t o  
a s  t h e  u n i t  p o l y d i s c  and  Tn  t h e  n - d i m e n s i o n a l  t o r u s .  
N o r m a l i z e d  L e b e s g u e  m e a s u r e  on T11 w i l l  be  w r i t t e n  mn 
so  t h a t
-  “ n ^  = 1 '
F o r  z e j6n ,
z = ( z r  z 2 , - . . ,  z n ) ,
we w r i t e
Hz 11 = max £ 1 z^ 1 1 i = l ,  2 , * * • ,  n )  ,
and  i f  a  e 1^  , z a  w i l l  r e p r e s e n t  t h e  m onom ia l
a ,  a
z 1 z 2 • • •  z n  .Z1 2 n
I f  0 < r  < 1 a n d  z e Un  , we u s e  t h e  n o t a t i o n
r z  = ( r z ^ ,  r z 2 , • • • ,  r z n )
so  t h a t ,  f o r  e x a m p le ,
, xa  Ia (  a  „ Tn( r z )  = r 1 1 z , a  e I  .
5A c o m p l e x - v a l u e d  f u n c t i o n  f  d e f i n e d  on Un i s  s a i d  
t o  be a n a l y t i c  i f  f  i s  a n a l y t i c  i n  e a c h  v a r i a b l e  s e p a ­
r a t e l y .  A f u n c t i o n  w h i c h  i s  a n a l y t i c  on U11 i s  a l s o  c o n ­
t i n u o u s  on Un . The p o l y d i s c  a l g e b r a  A(Un ) i s  t h e  s e t  
o f  a l l  f u n c t i o n s  w h i c h  a r e  c o n t i n u o u s  on U11 = Un , t h e  
c l o s u r e  o f  U11 i n  j?)n  , and  a n a l y t i c  on U11 . W i th  a l l  
o p e r a t i o n s  d e f i n e d  p o i n t w i s e ,  A(Un ) i s  a  B a n a c h  a l g e b r a  
u n d e r  t h e  sup  norm
l l f l l A / H n )  =  S U P  l f ( Z ) l  *
A(U J M < i
I f  f  i s  an  a n a l y t i c  f u n c t i o n  on  Un  and  0 < r  < 1 , 
t h e n  t h e  f u n c t i o n  f  i s  i n  A(Un ) w h e r e  f f  i s  d e f i n e d
by
f r ( z )  = f ( r z )  , z e i f 1 .
I f  f  i s  a n a l y t i c  on  Un and  0 < r  < 1 , we
w r i t e
M p ( f ; r )  = {J n | f  ( rw) | p dmn (w) J 1^ ,  1 < p < »  ,
and
M ( f ; r )  = sup  | f ( r w ) | . 
weT11
F o r  1 < p < °° i t  f o l l o w s  t h a t  M p ( f ; r )  i s  a  m o n o to n -
i c a l l y  i n c r e a s i n g  f u n c t i o n  o f  r  . The s e t  o f  f u n c ­
t i o n s  f  w h ic h  a r e  a n a l y t i c  on U11 a n d  f o r  w h i c h
l i m  M ( f ; r )  < 00 i s  known a s  H ^ U 11) . A norm i s  d e -  
r-»l p
6f i n e d  i n  Hp (Un ) by
imi Hp ( u " )  -  i s  V f j r > ■
so  t h a t  | | f | |  > M ( f j r )  f o r  a l l  r  e [ 0 , 1 )  . F o r
HP(tr) P
1 < p < <» , HP (Un ) i s  a  B a n ac h  s p a c e ,  and  i n  a d d i t i o n
2 n  00 _nH (U ) i s  a  H i l b e r t  s p a c e  and  H (u ) i s  a  B a n a c h  a l ­
g e b r a .  The f o l l o w i n g  i n c l u s i o n s  h o l d :
A(Un ) c  H°°(Ur i ) c  c  H ^ U 11) c  H1 ^ )
w h e r e  1 < q < p < «  . A l s o ,  i f  f  e H ^ U 11) c  H ^ U 11) , 
l < q < p < ° ° ,  t h e n
" f | l H<3(Un ) -  " f | l HP (Un ) '
A f u n c t i o n  f  i s  i n  H°°(Un ) i f  and  o n l y  i f  f  i s  i n  
H ^ U 11) f o r  a l l  1 < p < 00 , and  i n  t h i s  c a s e
l l f "  0 0 ,  P /  -  .
H ( I T )  p-*oo H (u  )
The s p a c e  H ^ U 11) may b e  i s o m e t r i c a l l y  embedded i n  
t h e  s p a c e  Lp (T11) by t h e  m a p p in g  f  -» f *  , w h e r e
f  (w) = l i m  f ( r w )  
r-* l
,n *i s  d e f i n e d  a l m o s t  e v e r y w h e r e  on T . The f u n c t i o n  f  
i s  c a l l e d  t h e  b o u n d a r y  v a l u e  f u n c t i o n  o f  f  , and  t h e  
s u b s p a c e  o f  L ^ T 11) w h i c h  i s  i d e n t i f i e d  w i t h  H ^ U 11)
7w i l l  be  d e n o t e d  Lp (Tn ) . The F o u r i e r  c o e f f i c i e n t s  o f  
a  f u n c t i o n  f  e L ^ T 11) a r e  g i v e n  by
ca  = I ^ i f  (w)w“a dmn (w ) ,  a  e l n  .
F u n c t i o n s  i n  L ^ T 11) a r e  c h a r a c t e r i z e d  by  t h e  p r o p e r t y
t h a t  c a  = 0 i f  a  fL 1^  , s e e  [ 6 ] ,  p .  1 8 .
The p r o o f  o f  t h e  f o l l o w i n g  t h e o r e m  i s  due  t o  D e n n i s
C l a y t o n .  I t  i s  a n  e x t e n s i o n  o f  a  t h e o r e m  o f  B o u rq u e  [ 1 ]
I f  i + j  = n we w r i t e
( X , z )  = (X-^, ’ ’ ’ ) X . ,
f o r  a n  e l e m e n t  i n  U1 x = Un . The n o t a t i o n
O
D ^ F ^ j Z) r e p r e s e n t s
p p p P ( X , z )  ,
S z i  &z 2 3 z j
w h e r e  p e 1^  .
Theorem  1 . 1 . S u p p o s e  i + j  = n  and  1 < p < 00 .
I f  F e HP (Un ) w i t h  ( X , z )  e U1 x UJ = Un  , t h e n
d | f ( - , z ) € H ^ U 1 )
f o r  e a c h  z e a n d  3 e 1^ . F u r t h e r m o r e ,T*
" D' , I - I " , V )  *  i h ” f t  V i •
8P r o o f . F o r  0 < r  < 1 t h e  f u n c t i o n  F^ d e f i n e d  by
Fr ( X , z )  = F ( r X , r z )  , z e UJ ,
i s  i n  A(UJ ) f o r  e a c h  X e U1 . A p p l y i n g  t h e  Cauchy i n ­
t e g r a l  f o r m u l a  we o b t a i n
D» P ( r t > r z )  _ _ £ >  J d? ,
2 ( 2 tt1 ) T ( ? - z ) P+1
f o r  e a c h  X e U1 , z e U2 . Then
| D ® F ( r X , r z ) |  < g i f  , l F ( r t > r S U  dm ( 5 )
2 -  J TJ | ( 5 - z )  | J
i  .. m T b +11 J i l F ( r t , r ? ) | d m  ( ? )  .
( l - | | z j | )  J T J
I f  1 < p < oo We a p p l y  H o l d e r * s  i n e q u a l i t y ,
l D ? F ( r X , r z ) |  < --- 16+11 tf 1| F ( r X , r ? ) | p dm ( ? ) ) 1 / p  ,
^ ( l - | | z | | ) |P  1 J
f o r  a l l  X e Ui  , z e UJ . I n t e g r a t i n g  o v e r  T1 we s e e
that
{J^i I I)2F ( rT(^ rz) |p dm 1 (ri))1/p
^  ( 1. | | [ ' i ) I V T |  l l T n l p ( ^ r ? ) l P < t a h ^ ’ ? ) } V P
That is, a OfV Dap(-*l)5r) * (1.||z^ -|e~i r  V F;r)
9< ( i- | |I | |) ls+:L| 1|F'h^u11) •
T h e r e f o r e ,  D ^ F ^ j Z )  i s  i n  H^(U1 ) w i t h
| |D * F ( - , z ) | |  = l i m  M ( D ~ F ( • , z ) ; r )
2 HP ( I T )  r-* l
-  ( l - | | 2 « ) l p + 1 > '
I f  F e H°°(Un ) , t h e n  F € Hp (Un ) f o r  e a c h  p 
1 < P < 00 » a n d  by t h e  a b o v e  we h a v e  D^ F( ‘ , z )  
HP (U1 ) f o r  e a c h  p , 1 < p < 00 , w i t h
It follows that d |f (*,z ) is in H°°(U1) and
llD|F('’z)l1 », i, < , „P,|.|e'+l| llpl », n. •
2 H (u1) (i-||zlD|P ’ H (UZ1)
C o r o l l a r y  1 . 2 . S u p p o s e  i + j  = n  , 1 < p < 
and  F e . I f
F ( \ , z )  = I  i f a (X )z a  
a e l “ a
w h e r e  ( X , z )  e U1 X UJ = U11 , t h e n  f p e H ^ U 1 
e a c h  3 e 1^  , and
i
i n
) f o r
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P r o o f . I f  z = 0 e UJ , t h e n
d | f ( * , o ) = p ! f  , 3 € .
I t  f o l l o w s  f ro m  T neorem  1 . 1  t h a t  fg  € H ^ U 1 ) w i t h
" ^ " n P f u 1 )  -  T T  ( i - | | o | | ) l P + 1 l  1| F | l H p ( u n )
=  l |F|lHp ( u n ) '
N e x t  we p r e s e n t  two f o r m s  o f  a  t e s t  w h i c h  can  be 
u s e d  t o  d e c i d e  i f  a  f u n c t i o n  i n  H^(Un ) i s  i n  H°°(Un ) .
Theorem  1 . 3 . A f u n c t i o n  f  i s  i n  H°°(Un ) i f  and  
o n l y  i f  f q i s  i n  H^(Un ) w i t h
l | f q H  2 ,  <  K q
ir(ir )
f o r  a l l  q e I  , w h e r e  K i s  a  c o n s t a n t  t h a t  i s  i n ­
d e p e n d e n t  o f  q . I n  t h i s  c a s e ,
M  n  <  K  •
h ( i r  )
P r o o f . S u p p o s e  f  € H°°(un ) and q e I  . Then
f q e E * ^ )  c  H ^ U 11)
11
and
Hfq !l 2 n N < " f q H - / f n,  < " f " qoo/Tn N •H (U ) H ( l / 1) H ( i f 1)
C o n v e r s e l y ,  s u p p o s e  f q i s  i n  H^(Un ) w i t h
Hf q li 2 n  — kQ H (U )
f o r  e a c h  q e l , .  I f  0 < r < l  and  q e I ,  we h a v e
+  —  “I -
f  (a^w) I 2qdmn (w) = J ^ n | f q ( r w ) | 2dmn (w)
= M2 ( f q ; r )  < | | f q ||22 < K2q .
^ H (IT )
F o r  € > 0 , s e t
Ne = [w e T11! | f  ( rw) | > K+e) .
The c o n t i n u i t y  o f  f  on  Tn  i n p l i e s  t h a t  i s  open
i n  Tn . T hen
K2q > J | f ( r w ) | 2q dmn (w)
TH
> J | f ( r w ) | 2q dm^(w)
Ne
> (K + e)2qmn (N€ )
f o r  e v e r y  q e l , .  T h i s  i s  a  c o n t r a d i c t i o n  u n l e s s
i
m (N ) = 0 and  s i n c e  N i s  a n  o p e n  s e t  we m u s t  h a v en v e '  e
Ne = 0  . S i n c e  e > 0 was a r b i t r a r y  we h a v e
12
| f ( r w ) |  < K
f o r  a l l  w e Tn  . I f  z e Un  c h o o s e  r  = | |z| |  and  by
t h e  maximum m o d u lu s  t h e o r e m
| f ( z ) |  < sup  | f ( r w ) |  < K . 
weT11
S i n c e  f 1 e H2 (Un ) and  | f ( z ) |  < K f o r  a l l  z e Un  ,
we h a v e  f  € H ^ U 11) w i t h
M  CO, n  <  K  •H (U^)
C o r o l l a r y  1 . 4 . S u p p o s e  G i s  a  s u b s e t  o f  H2 (Un ) 
w h ic h  i s  d e n s e  i n  t h e  H (U ) norm .  A f u n c t i o n  f  i s
i n  H°°(Un ) i f  and  o n l y  i f  f - g  e H ^ U 11) w i t h
l lf-gl l 2 n  ^  KHell 2 n
H (U ^) H2 (Un )
f o r  a l l  g € G , w h e r e  K i s  a  c o n s t a n t  t h a t  i s  i n d e p e n ­
d e n t  o f  g . I n  t h i s  c a s e
l l f l l  00, n  <  K  •
h  (ir)
P r o o f . S u p p o s e  f  € H<X>(Un ) . Then f - g  € H2 (Un ) 
f o r  a l l  g e H^(Un ) and
Hf ' g M 2 uix oo n  2 j i  •H2 (Un ) H (U )
O
C o n v e r s e l y ,  s u p p o s e  f * g  t  11*“ ( U ) w i t h
l l f-el l  2 n — Kllsll 2 j i
H (U^) H (U^)
f o r  a l l  g i n  a  d e n s e  s u b s e t  G o f  H2 (Un ) . I f
h  e and  (gv )v n i s  a  s e q u e n c e  o f  f u n c t i o n s  i n1C iC— JL
G t h a t  c o n v e r g e s  t o  h i n  t h e  H^(Un ) norm ,  t h e n  f o r
0 < r  < 1 , t h e  s e q u e n c e  fSit ( r w ) 3 k - l  c o n v e r Se s  t o
h ( r w )  f o r  a l m o s t  a l l  w i n  T11 . T h e r e f o r e ,
,2; ( f h ; r )  = J  | f ( r w ) h ( r w ) | 2dmn (w)
=  J n l i r a  l f  ( r w ) s ic(rw)  | 2dm (w) . 
T k-*<»
By F a t o u ' s  lemma
J„ji llm lf (rw)Sk(rw)I2dmn(w)
T  k-*«>
< l i m  J  n  | f  ( r w ) g k (rw )  ^ d m ^ w )  ,
k-»o° t '
so  t h a t
M2 ( f h ; r )  < l i m  M2 ( f & ; r )  < l i m  | | f g j | 22 
2 k-»oo 2 K K-*<» K h ( I T )
S i n c e  g e G we h a v eK
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and  h e n c e
M g t f h s r )  < l i m  K2 |jg | |2 = K2 | |h | |2 .
2 k+co K H (U ) H (U )
T h e r e f o r e  f * h  e H2 (un ) w i t h
I M I  2 jo — K"h " 2 j k
f o r  e v e r y  h € H2 (Un ) a n d  we may assum e  t h a t  G = H2 (Un ) . 
I t  f o l l o w s  t h a t  f  = f « l  € H2 (Un ) w i t h
llfil p  .  < K* ll1 !) 2 n = K .
H (U^) H^U*1)
And f . f  e H2 (Un ) w i t h
Hf 2 H 2 , ^  KHf ll 2 / / I ,  ^  ^  ■H ^ ( I T )  H (IT )
By i n d u c t i o n  f ^  e H2 (Un ) w i t h
l | f q ll 2 / n N < kQ H (U )
f o r  a l l  q e l .  A c c o r d i n g  t o  Theorem  1 . 3  we h a v e  
f  e H°°(Un ) w i t h
M  oc, n  < K *H (U )
We c o n c l u d e  t h i s  c h a p t e r  w i t h  an  a p p r o x i m a t i o n  
t h e o r e m .
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Theorem  1 . 5 . S u p p o s e  h  i s  a  n o n - n e g a t i v e  f u n c t i o n  
i n  ( Tn ) . Then t h e r e  i s  a  s e q u e n c e  o f  a n a ­
l y t i c  t r i g o n o m e t r i c  p o l y n o m i a l s  on T31 s u c h  t h a t :
i ) l i m  I  " I Pk( w) = 0 >K-400 J T n  K n
i i )  l i m  J ^ j p fc(w) | 2dmn (w) = J Tnh (w) dmn (w) >
and
i i i )  l i m  | p k ( w ) l 2 = h (w )  f o r  a l m o s t  a l l  w i n  T11.
K -» o o
P r o o f .  C o n d i t i o n  i i )  f o l l o w s  f r o m  i )  by t h e  t r i a n g l e  
i n e q u a l i t y .  A l s o  c o n d i t i o n  i i i )  f o l l o w s  f ro m  i )  s i n c e  
c o n v e r g e n c e  i n  t h e  i A ( Tn ) norm i m p l i e s  p o i n t w i s e  c o n ­
v e r g e n c e  a . e .  T h e r e f o r e  we n e e d  o n l y  p r o v e  t h a t  t h e r e  
e x i s t s  a  s e q u e n c e  o f  a n a l y t i c  t r i g o n o m e t r i c  p o l y n o m i a l s  
s u c h  t h a t  i )  h o l d s .
1 nThe s e t  o f  c o n t i n u o u s  f u n c t i o n s  i s  d e n s e  i n  L (T ) 
so  f o r  e a c h  K .= l ,2 , ' * •  , t h e r e  i s  a  c o n t i n u o u s  f u n c t i o n  
gk  on Tn  s u c h  t h a t
l dmn ( w) < £  •
I f  f K(w) = max (g k ( w ) , 0 )  , t h e n  f ^  i s  a  n o n - n e g a t i v e  
c o n t i n u o u s  f u n c t i o n  and
16
J Tn l h (w) “ f k (w) l ^ n (w) 
" 6k (w )ldlnn^w )
By t h e  S t o n e - W e i e r s t r a s s  t h e o r e m  t h e  s e t  o f  t r i g o n o m e t r i c  
p o l y n o m i a l s  i s  d e n s e  i n  t h e  s e t  o f  c o n t i n u o u s  f u n c t i o n s ,  
h e n c e  t h e r e  e x i s t  t r i g o n o m e t r i c  p o l y n o m i a l s  s u c h  t h a t
K  -  ( f K ) 1 / 2 n«. ^  I  ( 2 l l ( f K) 1 / 2 I L  +  i ) ' 1
f o r  e a c h  k  = 1 , 2 , • • •  . Then
I | q k (w) l 2 -  f k (w) l  S  l q k ( " )  -  f k ( « ) l
= | q k (w) -  ( f k ) 1 / 2 ( w ) |  | qjc(w) + ( f k ) 1 / 2 ( » ) |  
f o r  e a c h  w i n  T11 . S i n c e
| q K( « )  + ( f K) 1/ 2 (w ) l  
< U K(« )  -  ( f K) V 2 (w ) l  + 2 ( f k ) 1 / 2 ( « )
< 1 + 2 H ( f k ) 1 / 2 u„  -
we h a v e
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Then
f o r  e a c h
w h e re  J  
s u c h  t h a t
I | q k (*0 l 2 -  f k (w ) |
< i  ( 1+ 2 || (f 'K. ) 1/ 2 ||00) " 1 ( l + 2 | | ( f k ) 1 / 2 ||oo)
1
k  *
J Tn  lh " I qk ( w ) I 2 1 <imn ( 1w)
^  “ f k ^ w) l dmn ( w)
+  -  | q k ( w ) | 2 l d m n ( w )
k = l , 2, ' ' '  . S u p p o se
q (w) = I  a  wa 
K a e j
i s  a  f i n i t e  s e t  i n  l n  . T h e r e  i s  a  P e l  
a  + > 0 f o r  a l l  a  e J  . S e t
p k (w) = wPqk (w)
so  t h a t  p k i s  an  a n a l y t i c  t r i g o n o m e t r i c  p o l y n o m i a l  on 
T11 and  I p ^ w ) !  = f ° r  a H  w i n  T11 . Then
c 
+
fTnlh (w ) " |Pfc(w ) l2 ! ^ ^ )
“  l ^ k ( w) I 2 l dmn (w)
CHAPTER I I  
THE ANALYTIC DIRECT INTEGRAL OF H2 (Un )
S i n c e  H2 (Un ) i s  a  s e p a r a b l e  H i l b e r t  s p a c e  we c o u l d  
t r y  u s i n g  t h e  u s u a l  d i r e c t  i n t e g r a l  t e c h n i q u e  ( c f .  [ 3 ] ,  
p .  3 5 0 ) t o  f o r m u l a t e  a n  a c c e p t a b l e  t h e o r y  f o r  H ^ t / 1) . 
T h e s e  t e c h n i q u e s  a l w a y s  l e a d  t o  some t y p e  o f  t h e o r y ,  how­
e v e r ,  s u c h  a  t h e o r y  h a s  l i t t l e  t o  do w i t h  a n a l y t i c  f u n c ­
t i o n  t h e o r y  when n  > 1 . I n  o r d e r  t o  r e l a t e  a n a l y t i c  
f u n c t i o n  t h e o r y  w i t h  d i r e c t  i n t e g r a l  t h e o r y ,  we im p o se  an  
e x t r a  c o n d i t i o n  o f  a n a l y t i c i t y  and  d e f i n e  t h e  a n a l y t i c  
d i r e c t  i n t e g r a l .  T h i s  s p a c e  i s  shown t o  b e  a  s e p a r a b l e  
H i l b e r t  s p a c e  w h ic h  i s  i s o m e t r i c a l l y  i s o m o r p h i c  t o  
H2 ( u n+ 1 ) ^n  a  n a t u r a l  and  u s e f u l  way .
D e f i n i t i o n  2 . 1 . The a n a l y t i c  d i r e c t  i n t e g r a l  o f
O  r>
H (U ) w i t h  r e s p e c t  t o  n o r m a l i z e d  L e b e s g u e  m e a s u r e ,  
w r i t t e n  X H2 (Un )dm(w) , i s  t h e  s e t  o f  a l l  v e c t o r - v a l u e d
v T
f u n c t i o n s  B = (Bw} d e f i n e d  f o r  a l m o s t  a l l  w i n  T
s u c h  t h a t :
( i )  Bw i s  i n  H2 (Un ) f o r  a l m o s t  a l l  w i n  T ;
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i i )  i f  Bw( z )  = b a (w )z a  i s  t h e  s e r i e s  e x p a n -
I +
s i o n  f o r  Bw w h e n e v e r  Bw e H ^ U 11) , t h e n  bg e L2 (T) 
f o r  e a c h  p e l 1? ;T*
i i i )  | ||Bw||2 0 „  dm(w) < 00 , w h e r e  | r e p r e s e n t s
T I T  ( I T )  T
t h e  u p p e r  L e b e s g u e  i n t e g r a l .
N o t e . E ach  f u n c t i o n  b Q e L+ (T) i s  m e a s u r a b l e ,  and
s i n c e
IIb WH2 2 ,  , n ,  =  ^ l b a ( « ) l 2  <  “  .
H (IT ) l“
i t  f o l l o w s  t h a t  ||Bw| |2 p i s  a  m e a s u r a b l e  f u n c t i o n  o f
H (IT)
w. We may t h u s  r e p l a c e  t h e  u p p e r  L e b e s g u e  i n t e g r a l
4 T
i n  i i i )  w i t h  t h e  o r d i n a r y  L e b e s g u e  i n t e g r a l  J
4 T
Two f u n c t i o n s  B a n d  D i n  £ H2 (Un )dm(w) w i l l
T
b e  c o n s i d e r e d  e q u a l  i f  Bw = Dw f o r  a l m o s t  a l l  w i n  T.
T h a t  i s ,  B = D i f  a n d  o n l y  i f
J  ||BW -  d w||22 „  am(w) =  0  *
T H ( i r^ )
We a l s o  d e f i n e  v e c t o r  a d d i t i o n  and  s c a l a r  m u l t i p l i c a t i o n  
c o o r d i n a t e - w i s e ,
B + D = {BW + DW) ,
and
aB = O B W) , a  e £  .
By t h e  p o l a r i z a t i o n  i d e n t i t y  
M B W,D W) 2 , «  =  llBW + DW||2 ,  -  ||BW -  DW| | 2ir(ir) h (u ) H^ (ir)
+ 1||BW + iDW||2  -  i | |BW -  iDW||2 ,
t h e  m e a s u r a b i l i t y  o f  (BW,D W) a s  a  f u n c t i o n  o f  w f o l ­
lo w s  f r o m  t h e  m e a s u r a b i l i t y  o f  l|Bw| | 2 0 _ . We d e f i n e
H (U^)
a n  i n n e r  p r o d u c t  i n  *  H2 (Un )dm(w) by
T
( B , D ) 2  = J ^ ( B w,D w )dm (w)
and  i t  c a n  b e  v e r i f i e d  t h a t  t h e  a n a l y t i c  d i r e c t  i n t e g r a l  
o f  H ^ U 11) i s  a n  i n n e r  p r o d u c t  s p a c e .  As u s u a l  we d e ­
f i n e  a  norm  by
| | B ||2 =  ( B > B ) g /2
o r ,
I I B I I 2 =  J '  I | b w||22 d m ( w )  .
^ T H (IT )
Theorem  2 . 2 .  The s p a c e  £ H2 (Un )dm(w) i s  c o m p l e t e
• T
i n  t h e  norm  | |* | |2 > 811(1 h e n c e  i s  a  H i l b e r t  s p a c e .
P r o o f . S u p p o s e  i s  a  Cauchy s e q u e n c e  i n
£ H2 (Un )dm(w) . T h e r e  i s  a  s u b s e q u e n c e  {Bk  ) ? ,  ,
• ij. j_
k l  — k2 — * * * * s u c h  ‘t h a 't
22
U s i n g  H o l d e r ' s  i n e q u a l i t y  we h a v e
I  N ^  '  Bk  'I 2 dm^w)T i + 1  Ki  H ^ U 11)
< (J K  - Bk h22 & *»(*)}1/2T i+1 i H^ (ir)
= " Bk  " Bk  II2 ^  " T  •l + l  i  ^ 2
Then
.  00
J I  ||b" - b k  II 2  n  * “ (w)
T i = l  Ki + 1  Ki  H (U^)
= I  J  ||b”  -  b£  || ,  dm(w)
i = l  T i + 1  Ki  H^U*1)
CO 1
< s  4 r  < 2 ,
i = l  2
a n d  i t  f o l l o w s  t h a t  f o r  a l m o s t  a l l  w
00 -W nW
Z  I I ® k  -  B k  >' 2 , , n  <  00 •i = l  i + 1  i  H ( I T )
The s e q u e n c e  (B™ )T i s  a  C auchy  s e q u e n c e  i n  t h e  com-
i  —
2 np l e t e  s p a c e  H (U ) f o r  a l m o s t  a l l  w . I f  we s e t
Bw = l i m  B™ ,
i-»oo K i
w h e r e  t h e  l i m i t  i s  t a k e n  i n  t h e  H2 (Un ) n o rm ,  t h e n
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Bw c II'" (U11) Tor  a l m o a t  a l l  w . S i n c e
2 n " 11^  II 2 n  I — IIBW “ BJ  II 2 J i  'I ( U ^ )  i  H (U ) i  H (U^)
I IIB
H
we s e e  t h a t
=  " n ’V c u " )
a l m o s t  e v e r y w h e r e .  We may w r i t e
K  I' 2 / f nx " K  I' 2/1n xKj+ 1  I T  ( I T )  1 I T  ( I T )
= s  ( K  II 2 -  K  II 2 / n x )i = l  i+ 1  H (U^) i  H (U )
< I  | |b£  -  b £  II 2 < 2 ,
: --1 i + 1  i  Hcf(Un )
a n d  t h e r e f o r e ,
l|BW|| ,  = l i m  NB« || < 2 + | |b J  || 2
H2 (Un ) j - .«  Kj + 1  H2 (U") + L  H ^ u " )
C o n s e q u e n t l y ,
( J  IIb WH2 2 .  n  d m ( w ) ) 1 / 2
T I T  ( I T )
< { J  J+dmtw) } 1/ 2 + { J  | |b£ | |2 2 dm(w)) '
“  J T J T 1 H (IT )
=  2 + || || 2 < ~
,1/2
I f  t h e  s e r i e s  e x p a n s i o n s  f o r  B™ , 1 = 1 , 2 , • • •  , and
i
a r e  g i v e n  by
b£  ( z )  .  L  b ^ ( W) z a  
+and
BW( z )  = ^  b a (w )z a  *
t -
t h e n  f o r  e a c h  0 e 1^  , b ^1 e L+ (T )  , and
k .
bp(w) - bp1 (w)
“  J ^ ( t B w] * ( z )  -  [B ^ i ] * ( z ) ) z - e dmn (z
Then
k .
| b B(w) -  b ^ w )  |
< J  | [ B w] * ( z )  -  [B« f t z M d m ^ z )
rjP-
< ( J  l [Bw] * ( z )  -  [B« ] * ( z ) | 2 dmn ( z ) } 1 / 2
“  HBW -  ^  II 2 , , n ,  * i  H (tr )
and  t a k i n g  l i m i t s
k il i r a  |b  (w) -  b ( w ) |  
i-400 P P
< l i m  ||Bw -  B j  II 2  
i-»~ Ki  H (IT^)
= 0 f o r  a l m o s t  a l l  w
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C o n s e q u e n t l y ,  e a c h  b .  i s  a  m e a s u r a b l e  f u n c t i o n  o f  w
p
and
| b e (w) | 2 < 2n | b a (w) | 2 
+
= I|BW" 2
so  t h a t
h 2 ( u " )  ’
( J  | b e ( w ) | 2 am(w) } 1 / 2  < 2 + 11^  | |2  .
F o r  P e I + , bp e L £ (T )  and  we h a v e  shown t h a t
B e l  H2 (Un )dm(w) , w h e r e  B i s  d e f i n e d  by
T
B = (BW) .
I n  o r d e r  t o  f i n i s h  o u r  p r o o f  we n e e d  t o  show t h a t
B = l i m  B , i n  t h e  || • || no rm .
k-*co K d
S u p p o s e  e > 0 . Choose  N so  t h a t
-  Bp| |a  < «
f o r  k , p  > N . I f  p > N t h e n
«B -  Bp l l l  -  J t IIbW -  Bp l l ^ (un ) dm(w)
-  J  l i m  | | -  B« | |2 dm(w)
T i-><=° Ki  p
< l i m  J  | |B j  -  b" | |2 dm(w)
i-»oo T i  P H (U ^)
= l|B*-  '  V i  < s 2  •i-»°o i r
The s p a c e  H^(Un + ‘1‘) c a n  be  e x p r e s s e d  a s  t h e  d i r e c t  
sum o f  a  c o u n t a b l e  n u m b er  o f  c o p i e s  o f  H^(Un ) ,
H2 (Un + 1 ) = H ^ U 11) © H ^ U 11) © • • •  .
E ach  e l e m e n t  F e H2 (Un + ‘^) h a s  a n  e x p a n s i o n  o f  t h e  fo rm
F ( \ , z )  = I  f , ( z ) X J ,
j =0  J
w h e r e  X e U , z e U11 , and  f  e H ^ U 11) , k = 0 , l , 2 ,  • • •  , 
w i t h
* Uf ll|22, j u  “ l>F||22, .n+l, < " 'j=o J ir(in) Hd(ir+J-)
T heorem  2 . 3 . The a n a l y t i c  d i r e c t  i n t e g r a l ,  o f  
H ^ U 11) i s  i s o m e t r i c a l l y  i s o m o r p h i c  t o  t h e  d i r e c t  sum o f  
a  c o u n t a b l e  num ber  o f  c o p i e s  o f  H^(Un ) an d  t h e r e f o r e  i s  
i s o m e t r i c a l l y  i s o m o r p h i c  t o  H2 (Un + ^)  .
P r o o f . F o r  e a c h  j = 0 , 1 , 2 , • • • ,  d e f i n e  a  map
f ro m  H2 (Un ) i n t o  £  H2 (Un )dm(w) by
T
O j ( f )  = wJ f  .
Then a  i s  an  i s o m o r p h i s m  and  
J
1 1 0 , ( ^ ) 1 1 2  =  ( J  | | a 2  d m ( w ) ) 1 / 2  -  | | f | |j d H^ (ir) tr(iT)
C o n s e q u e n t l y ,  f o r  J e  I  , t h e  s e t
* r
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S j  = O j t H ^ u " ) )
i s  a n  i s o m o r p h i c  i s o m e t r i c  co p y  o f  H2 (Un ) i n
£ H2 (Un )dm(w) . S u p p o s e  j  ^  k  , t h e n  
T
( O j ( f ) ,  ° k ( s ) )  =  J ^ ( w J* f , w k g ) d m ( w )  =  ( f , g ) J ^ w J - k d m ( w )  =  0
f o r  a l l  f , g  € H2 (Un ) . H ence  x f o r  j  ^  k  .
I f  B e i  H2 (Un )dm(w) a n d  B x S .  f o r  e a c h  J e I  ,
*  r j i  J
t h e n
G = ( B , O j ( f ) )  = J T (BW, w J f )d m (w )
f o r  e a c h  f  e H ^ U 11) . I n  p a r t i c u l a r ,  f o r  e a ( z ) = ^  >
a  e , we h a v e
0 = J  w- *^ (Bw, e a )dm(w)
=  J  w “ ^ b a ( w ) d m ( w )
= b ^ a  w h e r e
00 kb (w) = E b. „ w i s  t h e  s e r i e s  e x p a n s i o n  f o r  b .
a  k =0  k ' a
S i n c e  b„ e L2 (T) we know t h a t  b = 0 f o ra  + '  ' j , <*
j  < 0 and  f ro m  t h e  a b o v e  we h a v e  b . = 0  f o r
j* = 0 , l ,  2 , • • •  • C o n s e q u e n t l y  ba (w) = 0 f o r  e a ch  a  e I  
and  BW = 0 f o r  a l m o s t  a l l  w . The f u n c t i o n  B = 0 i s  





t o  e v e r y  S ,  . The d i r e c t  sum 2 © S .  o f  t h i s  c o u n t -
J  J = 0  J
a b l e  c o l l e c t i o n  o f  m u t u a l l y  o r t h o g o n a l  s u b s p a c e s  i s
P ? n 00t h e r e f o r e  d e n s e  i n  4= H (U )dm(w) . S i n c e  E © S .
J t  j=0 J
i s  c l o s e d  a nd  H2 (Un )dm(w) i s  c o m p l e t e  we h a v e
H
i  H2 (Un )dm(w) =  E  ©  S .  .
J T j= 0  J
We s h a l l  d e f i n e  a  m a p p in g  f ro m  J= H2 (Un )dm(w) i n t o
T
;( u n + 1 ) a n d  show t h a t  i t  i s  a n  i s o m e t r i c  i s o m o r p h i s m .
S u p p o s e  B e 4= H2 (Un )dm(w) , B = (BW} a nd  w h e n e v e r  
T
Bw e H ^ U 11) , t h e  s e r i e s  e x p a n s i o n  o f  Bw i s  g i v e n  by
BW( z )  = ba ( w ) z a  .
I +
Then  f o r  e a c h  M  i j  , b^ e B2 (T) so  t h e r e  i s  a  f u n c ­
t i o n  f p  e H2 (U) s u c h  t h a t  f ^  = b^ . E ach  f ^  h a s  a  
s e r i e s  e x p a n s i o n
f e (X) = E b ,  H , X e U .
0 j =0
n  . -i
F o r  e a c h  y e I  we d e f i n e
N  = bY i . ( Y 2 . • • • . Y n + l )
Then
E Ia  | = E E |b  |
. - r n + 1  Y _ T n  .1 = 0
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= llf a ll22I "  H (U)
= ^ H b J  2 srj l 2(t )
A l s o ,
l |B | | |  -  J  ||Bw||2 2 dm(w)
^ T H ( u )
= f | b a ( w ) | 2dln(w)
J T l “
= Sn J lba^w) |2dm(w)
I  T +
=  ^ n  M ^ a l l  2 /  \  *L ^(T )
C o n s e q u e n t l y ,
£  l a v l 2  =  I I b | | !  <  0 0  .
Y C l f 1 "
T h e r e  i s  a  f u n c t i o n  F e H2 ( u " + 1 ) s u c h  t h a t
F ( z )  = E a  zY , z e l/ 1* 1 .
'  Tn +1 Y 
+
D e f i n e  t h e  map V by
VB = F .
V i s  a  l i n e a r  m ap p in g  w i t h
l l p l ! 2 2 ,  ,n + ls  = Z l a Y | 2  =  l | B | l 2  '  H (IT^ ) Tn +1 ^
+
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s o  t h a t  V i s  an  i s o m e t r y .  To show t h a t  V
£ H2 (Un )dm(w) o n t o  H2 (Un + 1 ) we r e v e r s e  t h e
T
s t r u c t i o n .  S u p p o s e  F e H2 (Un + ^') w i t h
F ( z )  = £ a  z Y , z e Un+1  .
n +1 Y 
+
D e f i n e  Cv p = a ,  a >, w h e r e  k  e I
Kj p (k ,  0]^ • *Pn ) +
Then f o r  e a c h  0 e 1^  ,
oo 00 2
£  | C 1  Br <  £  s  | C 1  a |
.1=0 3 , p  _ Tn J =0a e i “
= ^ n +1 l a Y l 2
=  l | P H2 2 ,  , n + l ,  <  “  • 
H  ( I T  )
T h e r e  i s  a  f u n c t i o n  f ^  e H2 (U) s u c h  t h a t
V x > “  J o  c j , s x J  •
S e t  bp = f *  so  t h a t  b^ e L2 (T) . F i n a l l y ,  
BW f o r  a l m o s t  a l l  w by
Bw ( z )  = £ b a ( w )z a  .
a e l j
maps
a b o v e  c o n -
and  0 e I
d e f i n e
31
S i n c e
we h a v e
L  h i  l » a ( w ) l 2 < l m( w)
+
“ I lba(w) l2dm(w)I + T
“  HbJ  2 , ,5  L ? (T )
CO
= I  E | b ,  I
_ n  .1=0a e l "  J
= I  | a  | 2 < -  , 
Tn +1 Y 
+
^  | b a (w) | 2 < «  
+
f o r  a l m o s t  a l l  w . C o n s e q u e n t l y ,  Bw e H ^ U 31) f o r  a l ­
m o s t  a l l  w and  B e £  H2 (Un )dm(w) w h e r e  B = {Bw) .
T
C l e a r l y  | | b |L  = ||p|| 2 +1 a n d  VB = F .
^ H (IT )
CHAPTER I I I  
THE ANALYTIC DIRECT INTEGRAL OF H°°(Un )
The p r o p e r t i e s  o f  t h e  a n a l y t i c  d i r e c t  i n t e g r a l  o f
P
H (U ) d e p e n d e d  h e a v i l y  on t h e  H i l b e r t  s p a c e  s t r u c t u r e
O r\
o f  H (U ) . On t h e  o t h e r  h a n d ,  t h e  p r o o f s  and  t e c h n i q u e s  
u s e d  i n  t h i s  c h a p t e r  h a v e  b e e n  s t r o n g l y  i n f l u e n c e d  by  t h e  
r e p r e s e n t a t i o n  o f  t h e  B a n ac h  a l g e b r a  H°°(Un ) a s  a  m a x i ­
m al  c o m m u t a t iv e  r i n g  o f  o p e r a t o r s  on  H^(Un ) . We b e g i n  
w i t h  t h e  d e f i n i t i o n  o f  t h e  a n a l y t i c  d i r e c t  i n t e g r a l  o f
D e f i n i t i o n  3 . 1 . The a n a l y t i c  d i r e c t  i n t e g r a l  o f
H°°(Un ) w i t h  r e s p e c t  t o  n o r m a l i z e d  L e b e s g u e  m e a s u r e ,
w r i t t e n  £ H°°(Un )dm(w) , i s  t h e  s e t  o f  a l l  v e c t o r - v a l u e d  
T
f u n c t i o n s  B = {Bw) d e f i n e d  f o r  a l m o s t  a l l  w i n  T 
s u c h  t h a t :
i )  Bw i s  i n  H°°(Un ) f o r  a l m o s t  a l l  w i n  T ;
i i )  i f  Bw ( z )  = 2^  ba (w )z a  i s  t h e  s e r i e s  e x p a n s i o n
I +
f o r  Bw w h e n e v e r  Bw e H°°(Un ) , t h e n  f o r  e a c h  0 e 1^  ,
00 , v




i i i )  e s s  sup  ||BW|| < »  .
w G T H (U )
We d e f i n e  a  norm  i n  £ H°°(ur i )dm(w) by
T
llBlL = e s s  SUP I|bv’
S u p p o s e  B e £ H°°(Un )dm(w) , so  t h a t  f o r  a l m o s t  a l l  
T
BW e H ^ U 11) c  H2 ^ )  .
I f  t h e  s e r i e s  e x p a n s i o n  f o r  Bw i s  g i v e n  by
BW( z )  = 5^ ba (w) z a  , z e Un  ,
I +
t h e n  f o r  e a c h  p e 1^
b p € l” (T)  C i 2 ( T )  .
A l s o ,
2  J K  1  " B W "  o o  . <  l l B l l o oH ( I T )  H ( I T )
f o r  a l m o s t  a l l  w i n  T . C o n s e q u e n t l y ,
J  ||BW||2 dm(w) < J  ||B|| 2dm(w) = | |B ||2 < »  ,
H (IT )
and  we s e e  t h a t  B e £ H2 (Un )dm(w) w i t h
T
IIB||p < \\B\\„ .
w
34
S i n c e  £ H°°(Un )dm(w) i s  a  s u b s e t  o f  1 H2 (Un )dm(w)
T T
we u s e  t h e  same d e f i n i t i o n s  o f  s c a l a r  m u l t i p l i c a t i o n  and
v e c t o r  a d d i t i o n  b u t  we a l s o  d e f i n e  an  o p e r a t i o n  o f  v e c t o r
m u l t i p l i c a t i o n .  I f  B,D e t  H°0(Un )dm(w) w i t h  B = (BW)
T
and D = (DW} t h e n
BD = (BW DW) .
S i n c e  BW and  DW a r e  e l e m e n t s  o f  f o r  a l m o s t
a l l  w i t  f o l l o w s  t h a t  BWLW i s  i n  H°°(Un ) f o r  a l m o s t  
a l l  w , w i t h
||BWDW|| < ||BW|| ||dwII < ||B|1 | |d || < «
H°°(Un ) “  H°°(Un ) “  00 00
a l m o s t  e v e r y w h e r e .  I f
and
t h e n
^  b a (w) z a  
I +
DW( z )  = ^  da (w) z a  , 
I +
BWDW( z )  = E Z b p (w )da _g (w )z v
a e l ^  O<0<a
w w °° / n  \w h e n e v e r  b o t h  B and  D a r e  i n  H (U ; . F o r
a e l ^ , O < 0 < a ,  we h a v e
V a - e 6 L" (T)
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0 0 /  N
b e c a u s e  b o t h  b and d a r e  e l e m e n t s  o f  L (T) .P U — p T
T h e r e f o r e ,  f o r  e a c h  a  e 1^
00
E  b f l d Q. B £  L -l. ( T )  •0 < 3 < a  p a "p +
We h a v e  shown t h a t  i f  B and D a r e  e l e m e n t s  o f
£ H°°(Un )dm(w) , t h e n  BD i s  a l s o  i n  £  H°°(Un )dm(w) and  
T T
f u r t h e r m o r e
IIBDIL < IIBll^llDll^ .
W ith  t h e  o p e r a t i o n s  we h a v e  d e f i n e d ,  4= H°°(Un )dm(w)
T
i s  a  c o m m u t a t iv e  norm ed a l g e b r a  w i t h  i d e n t i t y .  We w i l l
show t h a t  t h e  map V d e f i n e d  on X H2 (Un )dm(t.O i s  an
T
i s o m e t r i c  a l g e b r a  i s o m o r p h i s m  f ro m  £  H°°(Un )dm(w) o n t o
t h e  B a n ach  a l g e b r a  H°°(Un + ‘1' )  , a n d  t h a t  a s  a  r e s u l t
£ H°°(Un )dm(w) i s  a l s o  a  B a n a c h  a l g e b r a .  I n  o r d e r  t o  do 
T
t h i s  we w i l l  n e e d  t h e  f o l l o w i n g  t h e o r e m  i n  w h ic h  we e x t e n d
t h e  d e f i n i t i o n  o f  m u l t i p l i c a t i o n  t o  p r o d u c t s  o f  t h e  fo rm
BD w i t h  B e £ H°°(Un )dm(w) and  D e i  H2 (Un )dm(w) .J m * m
Theorem  3 . 2 .  S u p p o s e  B e £  H°°(Un )dm(w) and
T
D e |  H2 (Un )dm(w) . Then BD e |  H2 (Un )dm(w) w i t h= i 
T
l|BD|L < | |B | | J |D | |p .
P r o o f . F o r  a l m o s t  a l l  w , Bw e H°°(Un ) 
Dw € H2 (Un ) , a n d  a s  a  r e s u l t
BWDW 6 H2 ^ )
w i t h
l|BWDW|| a  < l|BW|| ||DW|| < ||B|| ||DW
H (IT ) H (IT ) H (IT )
Then
J  ||BWDWH22 d m ( w )
• ' t  t r ( i r )
< M l  I TI P Wl l ^ ( u n ) Cim(w) 
= l|B|l®l|D||! < °> .
As i n  an  e a r l i e r  c a l c u l a t i o n ,
BwDw ( z )  = £ I  b p (w )da _p (w )z a
ael£  0<3<a
Since b e L*(T) and  d., v € L2 (T) for a e
y  + '  '  ( X - y  *+■
0 < Y < a > we have
E V a - f i  e  L+ ( T ) *0<p<a B a e + 
for each a e 1^ . Therefore,
BD € i  H2 (Un )dm(w)
T
and
| |BD|| |  = J  l|BwDw||2 2 dm(w) < | |B| |2 ||D|| 
^ T H (U )




N ext  we s h a l l  show t h a t  t h e  m a p p in g  V , d e f i n e d  on
a l l  o f  £  H^(Un )dm(w) , i s  m u l t i p l i c a t i v e  on e l e m e n t s  o f  
T
t h e  fo r m  BD w i t h  B 6 £ H°0(Un )dm(w) and
T
D e i  H ^ U ^ d m t w )  .
T
U ie o re m  3 . 3 .  I f  B e i  H°°(un )dm(w) and
T
D e i  H2 (Un )dm(w) , t h e n  
T
V(BD) = V(B)V(D) .
P r o o f . We h a v e  s e e n  t h a t  t h e  s e r i e s  e x p a n s i o n  f o r  
BWDW i s  g i v e n  by
BwDw ( z )  = I  I  b p (w )du _p (w )z a
a e l £  0 <p<u
f o r  a l m o s t  a l l  w i n  T , w h e r e  z e l/ 1 .
S u p p o s e  t h a t
00
f „ ( K )  =  I  b  , X 6 0  ,
a j=0
00i s  the se r ie s  expansion for the f u n c t i o n  f  e H (U) 
such that f a = bQ » and that
00
g  (X) = Z d 1 XJ , X 6 u ,
a j=o
2
i s  the se r ie s  expansion for the f u n c t i o n  ga e H (u) 




^ ^ ^ ^k B d l - k  a-B X0 <p<a j =0  0 <k<J K ,p   ^ '
00
“  E  [  2  E  \ (  d - i - l r  a - B ^j =0  0 <p<a 0 <lc<j K,p  0 K>° p
O
i s  t h e  s e r i e s  e x p a n s i o n  f o r  t h e  f u n c t i o n  i n  H (U)
w hose  b o u n d a r y  v a l u e  f u n c t i o n  i s  I  b^d,, « . I t
0<p<a p a ‘ P
f o l l o w s  f r o m  t h e  d e f i n i t i o n  o f  t h e  map V t h a t  f o r  
( X , z )  € U1 x i f 1 = l/ 1* 1 ,
00 j
V (BD) (X, z ) = Z Z [ Z Z bk  gd fi] x J za
a € l n  > 0  0 <p<a k=0  P
i s  t h e  s e r i e s  e x p a n s i o n  f o r  t h e  f u n c t i o n  V(BD) e H2 (Un + 1 ) 
C o n s e q u e n t l y ,
V (BD) = Z Z Z E (*V «x k z 3 ) ( d l k  a - B ^ ^ 2^ )  
a e l n  J = 0  °<P<a K = 0  p
= Z Z Z Z (b Bx V ) ( d ,  a XJ z a ) 
a e l j  * = °
= ( Z Z b ex ltz p ) (  Z Z d ,  a XJ z a )
* = °  ' B a e l "  J = °
= (VB) (X, z ) (VD ) (X, z ) .
We a r e  now a b l e  t o  show t h a t  V maps
f  H°°(Un )dm(w) i n t o  H^U*1* 1 ) .
T
Theorem  3 . 4 . S u p p o s e  t h a t  B e £  H 
Then VB € H° °(Un + 1 ) w i t h
i00
T
^ r i ^ u n + l )  *  M -  ‘
P r o o f . F o r  e a c h  q = 0 , 1 , 2 , • • • ,  we
Bq € £ H°°(Un )dm(w) and  t h e r e f o r e ,
T
V(Bq ) e .
S i n c e
V(Bq ) = (VB)q
we h a v e  (VB)q e H2 (Un + 1 ) f o r  e a c h  q = 
A l s o ,
l|BQ|l2  <  l|Bq | |„  <  ||B ||q
so  t h a t
B ( V B )  V ( u “ + 1 ) =  =
By Theorem  1 . 3 ,
B
w i t h
VB e H°°(Un + 1 )
Theorem  3 . 5 .  V maps H°°(Un )dm(w)
J T
H°°(Un + 1 ) and  f u r t h e r m o r e ,
(Un )dm(w) .
h a v e
o i  • • •u • ± 9 •
%  < IIBII




-  »B» -
f o r  e a c h  fl £ |  H°°(UJI)dm(w) .
T
P r o o f . S u p p o s e  F e H ° ° . S i n c e  V maps
£ H2 (Un )dm(w) o n t o  H2 (Un + 1 ) 3  HC°(Un + 1 ) , t h e r e  i s  a
■ T
B e £ H2 (Un )dm(w) s u c h  t h a t  VB = F . We w i l l  show t h a t
T
B € £ H°°(Un )dm(w) . I f
T
F (k , z ) = f a ( X ) z a  ,
I +
f o r  ( X , z )  € U x l/ 1 = l^14-1 , t h e n  by C o r o l l a r y  1 . 2 ,  we 
h a v e  f p  e HC°(U) , f o r  e a c h  0 e .
I f  t h e  s e r i e s  e x p a n s i o n  f o r  Bw i s  g i v e n  by
BW( z )  = b a ( w ) z °
I +
f o r  a l m o s t  a l l  w i n  T , t h e n  we h a v e  s e e n  t h a t
b Q = f o  and  h e n c e  t h a t  b 0 e l ” (T) f o r  e a c h  0 e I 1? .
P p  p  +  T
S u p p o s e  t h a t  G i s  a  c o u n t a b l e  s u b s e t  o f  H ^ U 11)
w h i c h  i s  d e n s e  i n  H ^ U 11) i n  t h e  H ^ U 31) no rm .  I f  h
•I QQ
i s  a ny  n o n - n e g a t i v e  f u n c t i o n  i n  L (T) , l e t  
b e  a  s e q u e n c e  o f  a n a l y t i c  t r i g o n o m e t r i c  p o l y n o m i a l s  
s a t i s f y i n g  t h e  c o n c l u s i o n s  o f  Theorem  1 . 5 .  F o r  a  f u n c ­
t i o n  g e G , we d e f i n e  a n  e l e m e n t  h ^  e |  H°°(Un )dm (w) ,
f o r  e a c h  t e = l , 2 , • • •  , by
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h K = (Pfc(w)s }  •
Then
J TIPk(w)|2HBWg||®2(un )dm(w) 
= I  HBX l l 22 j . *■<">
= l l B h j !  .
We h a v e  shown t h a t  V i s  m u l t i p l i c a t i v e  on  p r o d u c t s  o f  
t h e  fo r m  Bh^ , s i n c e  B e £  H2 (Un )dm(w) and
h ^  e £  H°°(Un )dm(w) , so  t h a t
||BhK||2 -  l|r(Bht )||H2(onfl)
< IIVB|| „ , ||Vh || „ ,
h (t r  ) i r ( i r  )
= l|VB|| qq n+i.Ufill  2 /  2 /
H (U^ ) H2 (lr )  K L (T)
C o n s e q u e n t l y ,
J | P k ( w ) | 2 ||BWg | |22 dm(w)
T K H (U )
< IIvb||2„  „  l|gll22 n , J  | p k ( w ) l 2a » (w )  .
H ( I T )  H (IT ) T
U s i n g  F a t o u ' s  lemma,
"  l|VB|lH "(U n + 1 ) l lg lH2 (Un ) JTh(w)d”(w)
S u p p o s e  t h a t
V l
' h 2 (U11) " " MH00(Un + 1 ) " D"H2 (Un )" BWg» 2 / _ n \  >  "V B " oo, n + i  J e l l  2
on a  s e t  Eg o f  p o s i t i v e  m e a s u r e .  W i th
h (w )  = 'j  XE we w o u ld  h a v e
6  S
f h (w ) | |B wg | |2 2 dm(w)
T H (IT )
2 „ 2
> IIVB|lH„ (u n + 1 ) ll6 llH 2 (u n )  
'  l|VB|1H“ ( ^ ) llgllH2 ( ^ )  l Th(W^ (W:
T h i s  c o n t r a d i c t i o n  shows t h a t
H (U^) H (lr ) H ^ U 11)
e x c e p t  p o s s i b l y  on  a  s e t  Eg o f  m e a s u r e  z e r o .  S e t
E = U E . Then E h a s  m e a s u r e  z e r o  s i n c e  G i s  
G g
c o u n t a b l e ,  and  f o r  w t  E
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l | B W g | |  2  „  <  I t V B l I  ,  x  | | g | |  2
H (U^) H (U^ ) H (U^)
f o r  a l l  g  € G . By C o r o l l a r y  1 . 4 ,
Bw € R*(u“ )
and
l |B W|| _  _  <  l |V B || „  + 1
H (U11) H (u )
f o r  a l m o s t  a l l  w i n  T . T h e r e f o r e ,
B e £ H°°(Un )dm(w)
T
and
IIBlL < l|VB|lH„ (u n + 1 )  .
The r e v e r s e  i n e q u a l i t y  h a s  a l r e a d y  b e e n  e s t a b l i s h e d  so  
t h a t
I I B I L  -  IIV B |lH„ ( ( j n + 1 )  •
CHAPTER IV 
APPLICATIONS TO FACTORIZATION THEORY
I n  t h e  c a s e  o f  a n a l y t i c  f u n c t i o n s  o f  one  c o m p lex  
v a r i a b l e  t h e r e  i s  a  c o m p l e t e  t h e o r y  o f  f a c t o r i z a t i o n  o f  
H^ f u n c t i o n s  i n t o  i n n e r  and o u t e r  f a c t o r s .  We s h a l l  
f i r s t  g e n e r a l i z e  t h e  d e f i n i t i o n s  o f  i n n e r  and  o u t e r  t o
f u n c t i o n s  i n  H ^ U 11) and  t h e n  show t h a t  w i t h  t h e s e  d e f i ­
n i t i o n s  no  s u c h  g e n e r a l  f a c t o r i z a t i o n  e x i s t s .
D e f i n i t i o n  4 . 1 . A f u n c t i o n  G i n  Hc°(Un ) i s  s a i d
t o  be  an  i n n e r  f u n c t i o n  i f  jG ( w ) |  = 1 f o r  a l m o s t  a l l
w i n  T11 .
T h e r e  a r e  a num ber  o f  e q u i v a l e n t  ways t o  c h a r a c t e r i z e  
o u t e r  f u n c t i o n s  i n  H^(U) . F o r  n  > 2 t h e s e  c o n d i t i o n s  
a r e  no  l o n g e r  e q u i v a l e n t ,  and  a s  a  r e s u l t  l e a d  t o  d i f f e r ­
e n t  d e f i n i t i o n s  o f  o u t e r  f u n c t i o n s  i n  H ^(un ) .
D e f i n i t i o n  4 . 2 . ( P o r c e l l i )  A f u n c t i o n  K i n  
H^CU11) i s  s a i d  t o  b e  a n  o u t e r  f u n c t i o n  i f  K‘H°°(Un ) i s  
d e n s e  i n  H ^ U 11) i n  t h e  H ^ U 11) norm .
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D efin it io n  4 .3 . (Rudin) A function K in H^U11) 
i s  said to be an outer function i f
log  |K (0 )1 = J log|K*(w)|dmn (w) .
We note again that these d e f in it io n s  agree when 
n=l . On p o lyd iscs , each function which i s  outer in the 
sense o f D efin it ion  4 .2  i s  a lso  outer in the sense of 
D efin it ion  4 .3 , see [6 ] ,  pp. 74-75.
Theorem 4 .4 . Suppose f  ^ 0 i s  an element of 
H1 (U) . Then f  i s  uniquely expressib le  in  the form 
f  = gK , where g i s  an inner function and It i s  an 
outer function. Furthermore, f  e HP(U) i f  and only i f  
k e HP(U) , 1 < p < « .
Proof. See [2 ] ,  pp. 67-69 for a proof o f th is  fa c ­
to r iza tion  theorem.
Theorem 4 . 5 . Suppose G i s  an inner function in
and B e f  H*(Un )dm(w) with VB = G . Then 
T
Bw i s  an inner function in H°°(Un) for almost a l l  w 
in T .
* . .Proof. Since G is  inner we have |G ( z ) |  = 1 for  
almost a l l  z e . Therefore,
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l|G||
H2 ( u n + 1 ) =  -  1
A l s o ,
II B||p =  IIVBH 2  
H (u " + 1 )
W ith
= UGH 2 n +1 = 1H (U )
I n  d m ( ” )  =  1t  ir(ir)
and
,W“2 2 , j i .  *  IIB"||2. ,  ^  H (u ) H (U11)
f o r  a l m o s t  a l l  w , i t  f o l l o w s  t h a t
iibw ii2 2  n  =  i
H (U )
a l m o s t  e v e r y w h e r e .  C o n s e q u e n t l y ,
HbWH n ,  ^  1H (U )
f o r  a l m o s t  a l l  w , and  s i n c e  we a l r e a d y  h a v e  
w
IIB II oo n < 1 a l m o s t  e v e r y w h e r e ,
H ( I T )
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HbW|| „  _ = 1
f o r  a l m o s t  a l l  w .
W henever  Bw € H°°(Un ) ,
|BW( z ) |  < l|BW|| „  = 1
H ( I T )
f o r  a l m o s t  a l l  z e U11 . S i n c e
J ^  I (bW) * ( z ) I 2(imn ( z )
=  1I b w II2 2 /  -  1  '
H (IT )
we m u s t  h a v e  | (Bw) ( z )  | = 1 a l m o s t  e v e r y w h e r e  on T11 , 
f o r  a l m o s t  a l l  w e T . T h a t  i s ,  Bw i s  a n  i n n e r  f u n c ­
t i o n  f o r  a l m o s t  a l l  w .
We n e x t  p r o v e  a s i m i l a r  r e s u l t  f o r  e a c h  o f  t h e  two 
d e f i n i t i o n s  o f  o u t e r  f u n c t i o n s .
Theorem  4 . 6 . S u p p o se  t h a t  F i s  an o u t e r  (P)
f u n c t i o n  i n  H2 (U"+ 1 ) and t h a t  B e i  H2 (Un )dm(w) w i t h
T
VB = F . Then f o r  a l m o s t  a l l  w , Bw i s  a n  o u t e r  (P)  
f u n c t i o n  i n  H2 (Un ) .
P r o o f . I f  p e H ^ U 11) , t h e n  t h e  f u n c t i o n  P ,
d e f i n e d  by
P ( * i * V " ' z n + l )  = p <z 2 ' z3 ' - " ' iW  '
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i s  i n  H2 (Un + ^)  . S u p p o s e  { Q j ) j _ 2  i s  a s e q u e n c e  
f u n c t i o n s  i n  H°8(Un + 1 ) s u c h  t h a t
£  " V  -  P | I h 2 ( ^ ) = 0 .
Choose
t h a t
a  s u b s e q u e n c e  {Qj }“=1  , < J 2 < • •
11V  -  P “ h 2 ( u » « )  ^
_1 _
3
f o r  i  = 1 , 2 ,  • • • . The map V i s  o n t o  H°° (\Jn + 1 ) , 
t h e r e  a r e  f u n c t i o n s
D, e L H°°(Un )dm(w)
T
w i t h  VD, = Q, , i  = 1 , 2 , • • •  .
1 J i
The c o n s t a n t  f u n c t i o n  p = ( p )  i s  i n
X H2 (Un )dm(w) a n d  Vp = P , so  we h a v e  
T
I  | | d " b w -  p|| 2 dm(w) 
j t h  (ir)
< IlDiB -  Pll2
= ||V (D±B -  P) |1 2
H (Un + 1 )
■ 11V  •  P|IH2 (U«+ 1 ) *  ?
C o n s e q u e n t l y ,
o f
s u c h
so
and  t h u s
00
2 ||D*BW -  p|| < «
1=1 1 Hd (lr )
f o r  a l m o s t  a l l  w . S i n c e  p was a r b i t r a r y  i n  H2 (Un ) 
we s e e  t h a t  Bw i s  o u t e r  (P )  f o r  a l m o s t  a l l  w i n  T
Theorem  4 . 7 . S u p p o s e  F e H2 (Un + 1 ) ,
B e l  H2 (Un )dm(w) , and  VB = F . Then F i s  an  
T
o u t e r  (R) f u n c t i o n  i f  and o n l y  i f  Bw i s  a n  o u t e r  (R)
f u n c t i o n  i n  H ^ U 11) f o r  a l m o s t  a l l  w and f Q i s  a n
2 *  o u t e r  f u n c t i o n  i n  H (U) , w h e r e  f g  = bg ,
B” ( z ) = ^  ‘
I +
P r o o f . I f
00
F ( X , z )  I  E b ,  X^za  ,
n 1=0 a e l “  J
w h e r e  ( X ,z )  e U x U n = Un+1  , i s  t h e  s e r i e s  e x p a n s i o n  
f o r  F , t h e n  F ( 0 )  = b Q Q . The f u n c t i o n  f g  e H2 (U)
i s  g i v e n  by
00
f  (X) = E b XJ , X e U ,
P J=0
so  t h a t  bg  o = J e n s e n * s  i n e q u a l i t y
l o g  | f 0 ( 0 ) |  < J ^ l o g  | b 0 (w ) |dm (w )
= J  l o g  |BW(0 )Jdm (w )  .
T
U s in g  J e n s e n ' s  i n e q u a l i t y  a g a i n
l o g  |BW( 0 ) |  < J ^ l o g  | (BW) # ( z ) | d m n ( z )  .
f o r  a l m o s t  a l l  w , and  c o n s e q u e n t l y ,
l o g  | f 0 ( ° ) l  <  J ^ + i  1 o «  l ( B W ) * ( z ) l d m n + i ( w ^ z )  •
F o r  e m p h a s i s  we r e w r i t e  t h e  a b o v e  s t e p s  
l o g  | f ( o ) |  = l o g  | f 0 ( 0 ) |
< J T l o g  l f o ( w)
-  J  l o g  |BW( 0 ) | d m ( w )
^  l ^ i + l  l o s  1 (bW) * ( z ) l dmn+i ( w^ z ) 
=  J ^ i + 1  l o 6  i F * ( w ' z ) l d m n + i ( w ' z )
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I f  f Q i s  o u t e r  t h e  f i r s t  i n e q u a l i t y  becom es an  e q u a l i t y ,  
and i f  Bw i s  o u t e r  (R) f o r  a l m o s t  a l l  w , t h e  s e c o n d  
i n e q u a l i t y  a l s o  becom es a n  e q u a l i t y ,  and  t h e r e f o r e  F i s  
o u t e r  (R) . C l e a r l y  i f  F i s  o u t e r  (R) we s e e  t h a t  t h e  
c o n v e r s e  h o l d s .
We now show t h a t  i t  i s  n o t  i n  g e n e r a l  p o s s i b l e  t o  
f a c t o r  e l e m e n t s  o f  H ^ U 11) i n t o  i n n e r  and  o u t e r  f a c t o r s .  
We do n o t  d i s t i n g u i s h  b e t w e e n  t h e  a l t e r n a t e  d e f i n i t i o n s  
o f  o u t e r  s i n c e  by  u s e  o f  t h e  a n a l y t i c  d i r e c t  i n t e g r a l  we 
a r r i v e  a t  a  c o n t r a d i c t i o n  i n  H (U) w h e re  t h e  d e f i n i t i o n s  
a r e  e q u i v a l e n t .
2 2T heorem  4 . 8 . T h e r e  i s  a  f u n c t i o n  i n  H (U ) t h a t  
c a n  n o t  b e  f a c t o r e d  i n  t h e  fo rm  F = GK , w h e re  G i s  
a n  i n n e r  f u n c t i o n  and  K i s  a n  o u t e r  f u n c t i o n .
P r o o f . C o n s i d e r  t h e  f u n c t i o n
F ( z ^ , z 2 ) = z^  + Zq .
Then
f o<z i )  = I  + 3  z i  '  f i ( z i )  = 1
*
a n d  f 2 = f ^  = • • •  = 0 . F o r  ba  = f a  we h a v e
bQ(w) = ^  ^  w , b^ (w )  = 1
and  b 2 = b3 = '* * = 0 • The f u n c t i o n  b e f . H2 (U)dm(w)
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s u c h  t h a t  VB = F i s  g i v e n  by
Bw( z )  = (-j + ^ w )  + z  ,
f o r  a l l  w i n  T . E ach  Bw i s  a n  e l e m e n t  o f  H2 (U) 
and  by Theorem  4 . 4 ,  h a s  a  u n i q u e  i n n e r  and  o u t e r  f a c ­
t o r i z a t i o n .  I n  t h i s  c a s e ,
B" < z ) -  '  l - ' r  - ■ ( - 1  -  ^ z ) •
S u p p o s e  F = GK i s  a  f a c t o r i z a t i o n  o f  F i n t o  i n n e r  and 
o u t e r  f u n c t i o n s .  Then f o r  a l m o s t  a l l  w i n  T t h e
W 00 /f u n c t i o n s  g e H (U) a r e  i n n e r  a n d  t h e  f u n c t i o n s
_ _  Q
k  e H (U) a r e  o u t e r ,  w h e r e
g = V ^ G  , k  = V_1K ,
and
g e £ H°°(U)dm(w)
T
k  e |  H2 (U)dm(w) .
The map V i s  a n  i s o m o r p h i s m  a nd  e a c h  Bw f a c t o r s  
u n i q u e l y  so  i t  f o l l o w s  t h a t
SW( z )  -
-  f f i )  -  «
1 + ( - i ^ ) z
and
K '-'(z ) = -X  -  (i$S)«
f o r  a l m o s t  a l l  w .
I t  i s  c l e a r  h o w e v e r ,  t h a t  k  = ( k  J c o u l d  n o t  be  
a n  e l e m e n t  o f  £  H2 (U)dm(w) s i n c e  i n  p a r t i c u l a r  p p
O
i s  n o t  a f u n c t i o n  i n  L+ (T) . The a s s u m p t i o n  t h a t  F 
f a c t o r s  m u s t  be  f a l s e .
2 3To s e e  t h a t  t h e r e  i s  a  f u n c t i o n  i n  H (U ) t h a t  
c a n  n o t  be  f a c t o r e d ,  we n e e d  o n l y  c o n s i d e r
S e t
w h e r e
F ( z ^ ,  — 3" "3" Z2 z 3 *
B = (BW) e i  H2 (U2 )dm(w)
T
bW( z 1 ( z 2 ) = i  + i  z x + z 2
f o r  e a c h  w . Then  VB = F , and  i f  F c o u l d  be  f a c ­
t o r e d ,  i t  f o l l o w s  t h a t  e a c h  Bw w o u ld  h a v e  t o  f a c t o r  i n  
H2 (U2 ) .
By i n d u c t i o n  we c o n c l u d e  t h a t  f o r  e a c h  n  _> 2 t h e r e  
i s  a  f u n c t i o n  F e H2 (Un ) s u c h  t h a t  F c a n  n o t  b e  f a c ­
t o r e d  i n t o  a  p r o d u c t  o f  i n n e r  and o u t e r  f u n c t i o n s .
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o f  P h i l o s o p h y  i n  M a t h e m a t i c s .
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